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The lubrication problem which arises in the impulse drying of paper using a crown-compensated
(CC) roll is modeled and studied both analytically and numerically; the geometry for the
associated steady flow problem is constructed, and expressions are derived for the relevant
velocity fields, mass flow rates, and normal and tangential forces acting on both the bottom
surface of an internal hydrostatic shoe and the inside surface of the CC roll. A set of three
nonlinear transcendental algebraic equilibrium equations are derived and solved numerically
for different values of some of the key design parameters associated with such shoe/roll con-
figurations.
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- angular opening of the shoe
_-_
w_h - Width (depth) of the shoe
nc- number of capillaries on each side of the shoe
l_h - length of the shaft of the shoe
l* - half-width (length) of the confinement shaft
l_ff - effective, length of a capillary
R_I/- effective radius of a capillary
w_- width (length) of the inside of a recess
a_ - distance of the middle rib on the shaft of the shoe from the top of the shaft (measured
to the middle of that rib)
_ - distance that the middle rib protrudes beyond the neighboring ribs
/_ - radius of the shoe
/_- radius of the roll
H_ - height of the shoe
6-tan-l(Rs-Hs) l
Lc - distance (measured along the bottom surface of the shoe) from the midpoint on the
bottom surface to the beginning of the recess
1
L_ - distance (measured along the bottom surface of the shoe) from the midpoint on the
bottom surface to the end of the recess
LT-- R_'_
- distance from the centroid of a cross section of the shoe to the middle of the arc describing
the bottom surface of the shoe
Geometrical Parameters
!b- angle between the center line through the shoe and the vertical direction
(a, R + b) - location of the center of the circle that the arc forming the bottom surface of the
shoe lies on
do - depth of the lubrication channel along the line through (a, R + b) and the point at the
middle of the arc forming the bottom surface of the shoe
PV - location of the pivot point for the shoe along the wall of the confinement shaft
- cot( +¢)
mc - cot _b
mR- cot(¢- w)
9i - angle between the positive x-axis and the secant line (segment) joining the endpoints of
the lubrication channel along its bottom wall (arc)
02 - angle between the positive X-axis and the secant line (segment) joining the endpoints of
the lubrication channel along its upper wall (arc)
- O1-02 - angular deviation between the (secant) line segments forming the upper and
lower wails of the approximating lubrication channel (wedge)
UR - angle between the positive x-axis and the secant line (segment) joining the point at
the middle of the bottom surface (arc) of the shoe with the endpoint of that arc on the
right-hand side of the shoe
Vc - angle between the negative x-axis and the secant line (segment) joining the point at the
middle of the bottom surface (arc) of the shoe with the endpoint of that arc on the left-hand
side of the shoe
(ds(x) - do -x tan _) - thickness of the approximating lubrication channel (wedge) x units
to the right of the middle of that channel
(dc(x) - do + x tan/_) - thickness of the approximating lubrication channel (wedge) x units
to the left of the middle of that channel
dpv- vertical distance of the pivot point P V above the point in the middle of the arc de-
scribing the surface of the shoe
I=- L_cos fi
I_ - L_ cos
L_ - LI cos
dR(l_) - trailing edge thickness in the approximating lubrication channel (wedge)
dc(l_) - leading edge thickness in the approximating lubrication channel (wedge)
dz:(la)dz:(L_)
Physical Parameters
p- viscosity of the lubricant (at a given temperature)
p- density of the lubricant (at a given temperature)
s- (tangential) speed of the inner surface of the roll
F- load applied to the top of the shaft of the shoe
PR- pressure in the right-hand recess
Pc- pressure in the left-hand recess
p_h - pressure exerted at the top of the shaft of the shoe
Pe_it(-- Patm) - exit pressure of the lubricant at the left- and right-hand ends of the lubrica-
tion channel
PR(x) - pressure field in the (approximate) right-hand channel, I_ __x __ L_
p_(x) - pressure field in the (approximate) left-hand channel, I_ __x __L_
-
-
2R(x, y) - velocity field in the (approximate) right-hand channel, l_ __x __ L_
_c(x, y) - velocity field in the (approximate) left-hand channel, l_ __x __L_
/aR- mass flow rate/unit depth in the right-hand channel
/aL - mass flow rate/unit depth in the left-hand channel
ApR -- _R(L3) -- fir -- Patm -- 15R
(AP R - --APR)
APe -- Pc (L_) - 1_ -- P_tm-loc
(Ap L = -Ape)
qcR - volume flow rate through any one of the n_ capillaries feeding lubricant into the right-
hand subchannel
C_cn''_et- net volume flow rate through the capillaries feeding lubricant into the right-hand
subchannel
(_cL - L,net, qc .- same as for Ocs, (_cn''_et,but for the left-hand subchannel
u_(x, y) - the velocity field in the right-hand subchannel for 0 <_x <_l_
u_(x, y) - the velocity field in the left-hand subchannel for 0 _<x <_ l_
u_(x, y) - velocity field in the lubrication channel for -I_ __x __ l_
pc(X) - pressure field in the lubrication channel for -l_ _ x __ lc
0_<· _<
C_(x) - -p'c(X),-lc __x __0 ,,
u_(x, y) - velocity field in the right-hand subchannel beneath the right-hand recess
u_:ec(x,y) - velocity field in the left-hand subchannel beneath the left-hand recess
-R_Nsh normal force exerted by the lubricant on the bottom surface of the shoe to the right
of th e right-hand recess
-R
Nsl - normal force exerted by the lubricant on the inside surface of the roll (l_ring in the
channel) to the right of the right-hand recess
-R_Nsh normal force.exerted by the lubricant on the inside surface of the right-hand recess .
Nsnz- normal force exerted by the lubricant on the inside surface of that part of the roll lying
beneath the right-hand recess
cR
/Vsh - normal force exerted by the lubricant on the bottom surface of the shoe between the
middle of the shoe and the beginning of the right-hand recess
cR
Arst - normal force exerted by the lubricant on the inside surface of that part of the roll lying
beneath the middle of the shoe and the beginning of the right-hand recess
-R
Ns_- same as Nsh , but 'to the left of the left-hand recess
N_ - same as ._rnsz,but to the left of the left-hand recess
N_ - same as j_rRsh,but on the inside surfaces of the left-hand recess
-R
Ars_- same as Arsl, but beneath the left-hand recess
c£ cR
Nsh - same as Nsh, but between the middle of the shoe and the beginning of the left-hand
recess
cZ; cR
Arsl- same as Arsl, but beneath the middle of the shoe and the beginning of the left-hand
recess
_hn - tangential force exerted by the lubricant on the bottom surface of the shoe to the right
of the right-hand recess
_t n - tangential force exerted by the lubricant on that part of the inside surface of the roll
(lying in the channel) to the right of the right-hand recess
_- tangential force exerted by the lubricant on that part of the inside surface of the roll
lying beneath the right-hand recess
cR
T_h - tangential force exerted by the lubricant on the bottom surface of the shoe between
the middle of the shoe and the beginning of the right-hand recess
cR
T_z - tangential force exerted by the lubricant on that part of the inside surface of the roll
lying beneath the middle of the shoe and the beginning of the right-hand recess
_ - same as _, but to the left of the leR-hand recess
-R
_- same as _z, but to the left of the left-hand recess
c - same as zf, but beneath the left-hand recess 
CL CR 
r  sh -  same as 7-sh, but between the middle of the shoe and the beginning of the left-hand 
recess 
cc CR 
rsl - same as Tsl, but between the middle of the shoe and the beginning of the left-hand recess 
Vsh - sum of the vertical components of all forces acting on the bottom surface of the shoe 
& - sum of the horizontal components of all forces acting on the bottom surface of the shoe 
V,F - vertical component of the load F 
I& - horizontal component of the load F 
VW - vertical component of the weight W of the shoe 
Hw - horizontal component of the weight W of the shoe 
k S- ‘equivalent’ spring constant for the rubber seals along the shaft of the shoe 
H, - horizontal force which results from compressing/stretching the rubber seals located 
along the shaft of the shoe 
Hpv - horizontal reaction force of the confinement wall at the pivot point - 
M sh - moment of all. forces acting along the bottom surface of the shoe 
Mw - moment of the weight of the shoe 
Mpv - moment of the horizontal reaction force at the pivot point for the shoe along the wall 
of the confinement shaft 
P - physical/geometrical/design parameter space for the equilibrium equations 
c$ - drag coefficient for the roll 
1 INTRODUCTION
Although energy intensive evaporative drying is currently used to dry paper, research has
demonstrated that a significant savings in energy could be realized by implementing the
newer impulse drying technology. In figure 1, which is taken from Orloff, Jones and Phe-
lan [1], we show a crown-compensated (CC) extended-nip press which is configured with a
ceramic coated press roll. The roll (see figures 1 and 2) revolves at high speed, counterclock-
wise, and is loaded, in the impulse drying mode, by the internal hydrostatic support element.
Oil is injected through the hydrostatic support element, i.e., the shoe, so as to produce an
oil film (between the bottom of the shoe and the inside surface of the roll) which provides
lubrication and, also, acts as a heat sink for heat lost to the interior of the roll. In the overall
process, wet paper sheets transported on felt enter an extended nip at point A, in figure 1,
and leave the nip at point C, while the roll itself is heated in a zone from point D to point E
so as to achieve a prescribed roll surface temperature at the entrance to the nip at point A.
In this paper, and the companion paper [2], we consider the problem of fluid flow and heat
transfer in the channel formed by the (curved) bottom of the internal shoe and the inside
surface of the roll. It will be assumed that the arcs describing the bottom of the shoe and
the inside surface of the roll lie on circles of radii Rs and R, respectively, where we may have
either Rs - R or Rs _ R. The actual channel, with curved walls, will be approximated by a
planar walled convergent channel or wedge. The planar walled channel described above will
be formed by inscribing appropriate secant lines within the circles describing the bottom of
the shoe and the inside of the roll. A parallel-wall approximation for such a channel had
been studied earlier by Orloff [3].
..
The internal shoe, which is sketched in figure 3, is loaded by an external force F, mea-
sured per unit width of the shoe, so that the net load on the shoe is just F times the width
wsh of the shoe. The other key variables which enter the mathematical model are psh (the
pressure at the top of the shoe), p_it ( the pressure at which the lubricating oil exits each
of the two subchannels - for our purposes in this report we will take Pexit = Patm, i.e., atmo-
spheric pressure) Re fl and Ieff (respectively, the effective radius and length of each of the
capillaries through which the lubricating oil enters the channel formed by the bottom surface
of the shoe and the inside surface of the roll; i.e., see figure 3), <_ (the angle subtended by
those radii, in the circle describing the shoe, through the endpoints of the arc coincident with
the bottom of the shoe), s (the linear speed of the inner surface of the roll, which is assumed
to be rotating counterclockwise) and p and p (respectively, the viscosity and density of the
lubricating oil). In this initial model it is assumed that the viscosity p is constant, but,
in work to follow, we will take into account the fact that/_ varies with temperature, albeit
linearly over the range of temperature at which it is anticipated that the roll will be operated.
As a consequence of the loading of the internal shoe, the pressure difference Psh -Pe_t,
and the counterclockwise motion of the roll, the shoe will be forced downward and will de-
flect clockwise once the shaft of the shoe has been displaced to the right and the middle
rib (see figure 4) at the top of this shaft comes into contact with the wall of the confine-
ment shaft. We note, for future reference, the rubber seals which are present on both sides
of the top of the shaft (figures 2 and 4); the primary function of these seals is to prevent
(downward) leakage of. the pressurized oil at the top of the shaft of the shoe. However,
during the motion of the internal hydrostatic shoe, the oil seals which are positioned along
the shaft of the shoe are both stretched and compressed and, thus, function as mechanical
springs (attached to the shaft of the internal shoe) which constrain the deflection of the shoe.
Concerning the geometry employed in the model, the point (0, R) in figure 5 is the loca-
tion of the center of the circle describing the inside surface of the roll so that (0, 0) is the
point of contact (tangency) between the roll and the paper. At a given tangential speed s
of the roll, and a given load F on the shoe, the center of the circle describing the bottom
surface of the shoe is located at the point (a, R + b) where a, b are to be determined by a
set of coupled, nonlinear equilibrium equations. The points E and B lie, respectively, at
the centers of the top of the shaft of the shoe and the arc describing the bottom surface of
the shoe. The line segments from (a, R + b) to A, B, and C are radii of the shoe of length
Rs __R, while _his always the angle between the center line of the shoe (through E, B) and
that radius of the circle describing the roll which goes through (0, R) and (0, 0). The lubri-
cation channel is formed by the arcs A_C and A'B'C' and a base lubrication thickness may
be measured along the segment BB J. An approximating planar-walled channel (or wedge)
mw be constructed by using the secant lines through the points A, C and A', C'. There
is a slight tapering of the shoe near the endpoints located at A and C which is taken into
account only in §4c.
When the upper right hand corner of the shaft of the shoe makes contact with the con-
finement wall (by virture of the 2nd or middle rib at the top of the shaft of the shoe coming
into contact with that wall) the shoe will turn slightly in the clockwise direction (see figure
6) and the point of contact between the rib on the shaft of the shoe and the confinement wall
(labeled as point PV in figure 6) will slide up and down along that wall without friction.
As shown in figure 6 the rib in question protrudes a distance/3_ from the shaft of the shoe
and is located a distance c_rdown from the top of the shaft. In our work in §2 we locate the
position of the pivot point PV and indicate that the parameter a (figure 5) is determined
entirely in terms of the angle _ and given geometrical quantities that are associated with
the design of the shoe. Also, in the model that is constructed in §2 there will be two primary
(independent) variables: the angle _ and either a base lubrication thickness do (essentially
the length of the line segment B B' in figure 5) or the value of the y coordinate of that point
which locates the center of the circle on which the arc that describes the bottom surface of
the shoe lies, i.e. the value of the parameter b (figure 5).
......
The variables _p and b (or do) must be determined by the physics of the problem, i.e.,
by enforcing equilibria of forces in both the vertical and horizontal directions as well as bal-
ance of moments of forces acting on the internal hydrostatic shoe; the resulting equilibrium
equations in §3 turn out-to be a system of coupled, nonlinear, transcendental algebraic equa-
tions which can be numerically solved by an iterative procedure. Once _ and do have been
determined it is then possible to compute all the geometrical quantities which are needed
in order to fix the size and shape of the approximate wedge-shaped channel, as well as the
pressures PR and PL in each of the two sets of recesses, the mass flow rates r_n and r_L in
each subchannel lying, respectively, to the right and left of these sets of recesses, and the ex-
plicit forms of the velociW fields in the subchannels. The velocity fields are two-dimensional
and are obtained by imposing the standard lubrication theory assumption (e.g., [4].[5]) of
pseudo-plane Couette flow. Expressions for the tangential and normal forces exerted by the
lubricating oil both on the bottom surface of the shoe as well as on the inside surface of the
roll are also computed in §3 and these results are, in turn, used to compute the net drag
force acting on the roll and, thus, the work which must be expended to operate the CC roll.
Inasmuch as the equilibrium equations of §3 yield implicit relations for _ and b of th e
form
{ _ -- _ (F, Psh - Pe_it,s, 1{,c_,R_, Refl, l'eff, _, p)b - b(F, psa - pexit,s, t{, qS,- s,t_eff, l'eH,I ,p)
one may, in principle, study the effect of holding all variables in the parameter space 7)
fixed except for one, say, s, in order to study how _ and b vary with the speed of the
roll; this same procedure would then yield valuable information on how, e.g., the drag on
the roll varies with s if all other elements in the parameter space 7p are frozen and one
could even consider holding all parameters fixed except for two, e.g., s and F, and repeat-
ing the procedure described above. Some numerical results in this direction are present in §4.
In a companion paper [2] we show that having determined _ and b (or do) for a fixed set
of values in the parameter space 7_, so that all velocity fields may be explicitly computed, we
are led to a system of well-posed boundary value problems for the steady-state temperature
distributions in the subchannels; the solution of these boundary-value problems then enables
us to determine the net heat flow from the roll to the lubricating oil, the net heat flow from
the oil to the shoe, and the net heat convected away by the fluid, in terms of the variables
in the parameter space.
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2 THEGEOMETRICAL MODEL FOR THELUBRI- 
CATI~NCHANNELANDTHEMOT~~N~~THE 
INTERNALSHOE. 
In this section, we begin the work of modeling the lubrication problem occurring in the chan- 
nel formed by the bottom surface of the internal shoe and the inside surface of the rotating 
roll. All pertinent variables are carefully defined in the nomenclature. 
As a consequence of the load F applied to the top of the shoe and the tangential speed s 
of the roll, which turns counterclockwise, the shaft of the shoe will shift to the right until the 
middle rib at the top of the shaft of the shoe hits the wall of the confinement shaft (figure 
4); thereafter, the shoe will turn clockwise through an angle $ (figure 5) and, also, execute a 
motion, normal to the plane of the incoming paper, until it achieves an equilibrium position. 
The equilibrium position may be completely specified by the two variables QJ and do = BBf 
(figure 5). 
In lieu of considering the motion of the lubricant in the channel formed by the curved 
surfaces at the bottom of the shoe and the inside of the roll, we will, below, consider the 
problem of steady flow in the channel formed by the secant line segments (see figure 5) -- -- 
AB, A/B’ and BC, BY?; the task then is to specify the geometry of this approximate chan- 
nel in terms of R, R,, (p, $J, and do, (p being the half-angular opening of the shoe (figure 5). 
The arc @C describing the bottom surface of the shoe lies on the circle (II: - a>2 + 
(y- (R+b))2 = Rz (figure 5), while the arc Am’, which describes the inside surface of the 
roll, lies on the circle z2 + (y - Q2 = R2; either R = R, or R > Rs and the coordinates of 
the point (a, R + b) must be determined by the solution of the set of equilibrium eauations 
A  
for each fixed pair (F, s). . 
To specify the geometry of the approximate planar-walled channel, we must 
the coordinates of the points A, B, C and A’, B’, Cf. To delineate the equilibrium 
we must also specify the coordinates of the point PV in figures 6 and 7. 
It may be shown that the equation of the line through points Q, Q’ (figure 
form h 
Y = cot$[x - (a + &pR+b v 
while that of the line through (a, R + b) and Q is 
Y = -tan@ + @)[x - a] + R + b 
determine 
equations, 
7) has the 
11 
Then (2.‘1), (2.2) yield for xQ, the z-coordinate of point &, figure 7, 
xQ = a $- iI(cos$[l + tan+ l tan@ + $ ) I )  
(2 3) 
w 
while from figure 7, togther with figure 6, 
XQ = L” - (p7. cos 7) - cyr sin $) (2 4) e 
If we combine (2.3) and (2.4) we are led to an expression for a of the form 
a = a($5 I^, I*, Qr, A, q, (2 5) . 
i.e. for a given set of design variables the coordinate a is a function of the angle +; the 
precise relation for a in terms of $J is given by 
* 
a = I* -&cos++cr,sin+tan(b+@) 
[ 
1 
cos$(l + tan+ tan@ + @)) 1 (2 6) a 
a= (I* -i) +rcosQ+a,sinti (z 7) . 
By virtue of figure 7, xQ’ = XPV = I*, while from figure 6, 
The number yQ may be computed using (2.2) and (2.3) and then ypv is given by (2.8); the 
exact expression for ypv is given by 
i 
h 
ypv=(R+b)- ar cos $ - pr sin + - tan@ + $J) 
1 
I 
(2 9) cos~(l+tan$~tan(d+~)) * 
The points A, B, C and A’, B’, C’ are, by virtue of figure 5, the points of intersection of 
the lines LL, Lc and LR with the arcs BC and A’;B7‘cI describing, respectively, the bottom 
surface of the shoe and the inside surface of the roll- It is not difficult to show that these 
lines have the form: 
L& Y =q(x-a)+(R+b); mL=cot(cp+Q) (2.lOa) 
Lc: y= mc(z-a)+(R+b); mc=cot$ (2SOb) 
LR: y =??I&-a)+(R+B); m~=COt(+$Q) (2.1Oc) 
Combining (2.lOa,b,c) with the equations of the circles on which the arcs -4R and 




Xo' = (1 + ml)
{ YA'-- mz:(XA,.-- a) + R + bc' R xc, ) (2.11b)
as well as
XA -- a -- Rs sin(g + _), YA -- (R + b) - R, cos(g + _) (2.11c)xc + - , c -
and
__- _b - v/R_(_+ _) - (b- __)_ (2.11d)_' = (1+_)
YB -R+b-Rscos
(2.11e)' -- mc(XB, -- a) + R + b
for the coordinates of the points A, B, C, and A', B', C'. A base lubrication thickness do may
then be defined by (figure 5)
do -- BB'- 4(xa - XB,)2 + (YS'-- Ya')2 (2.12)
Referring to the sketch in figure 8, we may either stay with the initial premise of using an
approximation based on the line segments AB and BU for the bottom surface of the shoe,
and A'B ,, B'C t for the inside surface of the roll or we may start by taking the somewhat
simpler route of using AU to approximate the (curved) bottom surface of the shoe and ArC'
to approximate the (curved) inside surface of the roll; for _ small it is expected that there
will be only small quantitative differences between the two approaches and, thus, in this first
model we opt for the latter approximation.
If 0x = the angle between the positive z-axis and the direction of A'C' while 02 = the
angle between the positive z-axis and the direction of AC then
{ m_ -- slopeAC -- tan_2z -- slopeW _- tan _l (2.13)
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In all cases of physical interest we will have 01 < 0, 02 < 0 with 102I > 1011so that
- > o (2.14)
Computing tan 01 and tan 0 2 we are led to the expression
Ol--tan-l( y¢'-yA' ) (2.15)\X;Ct -- XAI
for/?l, where xA,,xc,, YA' and Yc' are given by (2.1Ia, b) while it easily follows from (2.11c)
and tan/)2 -- (Yc - YA)/(XC -- :I;.4) that 02 -- -_. We then have, by (2.14), that
_-- tan-1 [ tan 81 + tan_ ] (216)1 -- tan 01 tan _
We now refer back to figure 8 and consider the wedge shaped quadrilateral formed by
the points A_, A, C, and C_; we rotate this quadrilateral by rotating the line through X_C t a
total of 8_ counterclockwise, until it is coincident with the direction of the positive x-axis,
and we obtain the approximating lubrication channel depicted in figure 9, where the 'base'
lubrication thickness has been taken to be do as given by (2.12).
If we consider separately the left and right subchannels associated with the wedge-shaped
channel depicted in figure 9, then we have the situation detailed in figures 10a,b. In figure
10a, Lc is the (approximate) distance from point B, figure 5, to the beginning of the recess
on the right-hand side of the shoe, L_ec the distance to the end of this recess, as measured
along the projection of the bottom surface of the shoe, and LT = Rs_O the distance to the
end of the shoe; the quantities lc, l_, and L_ are the projections, respectively, of Lc, L_ec,
and LT on 'the direction of the line through B_C _. In figure 10b, so as to not have to deal
with negative values of x, we show the left-hand subchannel as rotated 7r radians about the
vertical axis in the plane. Thus the thickness in the right-hand subchannel is given by
dR(z) -- do - z tan/3, 0 <_x <_ L_ (2.17)
while that in the left-hand subchannel is given by
d5 (x)- do + z tan/3,0 _<z _<L_ (2.18)
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3 PHYSICALMODELINGOFTHELUBRICATION 
PROBLEM:THE EQUILIBRIUM EQUATIONS. 
We begin by analyzing the steady flow problem in the right-hand subchannel (figure lOa). 
Letting pi, Ip < x < Lp denote the pressure in this subchannel to the right. of the re- - 
cesses and &(x, &the corresponding velocity field, our basic assumption is that of standard 
lubrication theory [4],[5], namely, in a neighborhood of any point x, 1~ < x < Lp, - - 
with C&x) = -pRf (5) the negative of the pressure gradient. The velocity field GR(x, y> 
satisfies &(x, 0) = s,TiR(x, do) = 0 for all x, Ip < x < Lp. Based on (Xl), the mass flow - - 
rate/unit depth in the right-hand channel is 
and for tiR. to be independent of x we must have, for 1~ < x < Lb - - 
fjRt(x) = 6p(~d~~(x) - %2Rd,“(x)) 
P 
(3 3) . 
Integrating (3.3) from x = Zfl to x = LB and setting p&p) = fiR (the constant pressure 
in the right-hand channel recesses 171) we obtain 
17R(X) - 13R = -+g(x) - d$(Zp)) - yd;2(x) - d;2(z/j))] (3 4) . 
P 
If we take pi = Ptit E patm then with &R = patm -$R, setting x = LP in (3.4) 
yields 
bR= (3 5) : 
Equation (3 5) . may be solved for 111. which case 
kR tan p 
- = SAR - npR - -bR 
P 6P 
(3 6) . 
with the parameters &, bR as defined in the nomenclature. 
c Is 
In an analogous manner, for the left-hand subchannel (figure lob) the velocity field
fi_(x, y), I_ __x __ L_ is given by
y)_ y) s(1 (3.7), 2--_Y - __ __
and
The pressure distribution is
/nL
_ 6tz [s(d_(x ) _ dZl(I_)) + ..... (d72(x) - dZ2(l_))] (3.9)
pz:(x) - 13z:-- tan_ p
while the pressure drop/hp_- p_tm- 15_is given by'
.:
tan 13 s dc(L_) - dz:(l_) + p (_L(L_) -- a_ (l_ ) (3.10)
and the volume flow rate/unit depth in the left-hand subchannel is
/n_ = -sA_ tan/_6LApL (3.11)
p 6_
with A_ and 5c as given in the nomenclature in (3,11), Ap L - -Ape. Of course, we will
always have z_pR- 15n- p_t,_ > 0 and Ap L- i5c- p_ > 0.
We now relate the mass flow rates per unit depth of the channels, i.e.,/aR and mL, to the
roll speed s and the difference Psh- Patm- Let wsh stand for the width of the shoe (i.e., the
depth of the channel) and let nc denote the number of capillaries which feed lubricant into
each of the two subchannels. Assuming Hagen-Poiseuille flow in the capillaries, which are
idealized to be circular cylindrical tubes of length Iey.fand radius .Refi, the volume flow rate
through any one of the nc capillaries which feed lubricant into the right-hand subchannel is
xR_f f (p_h- t_n:)/8_l'ef f (3.12)








P -( > 
5 $$(%h -pR) 
From (3.6), however, we obtain 
FR = patm + 




SO if we set the two expressions for 13~ in (3.14) and (3.16) equal to each other there results 
the following relation for -: 
P 
’ *R -= 
P 
For the left-hand subchannel a similar analysis yields the results 






kL: sh - Patm) + - - ( > tanp 6~ -- (3.19) 
P 6P 
(tanP>bL: 
We now want to compute the normal and tangential forces exerted by the lubricant. in 
both the right and left-hand subchannels, on the bottom surface of the shoe and the i&de 
surface of the roll; the resulting expressions will then be used to set up the equilibrium 
equations which serve to determine Q and & in terms of the other parameters in the model. 
To compute all the pertinent normal and tangential forces one must derive expressions not 
only for G&, y> and G&, y), Ip < II: < Lp, but also for the velocity fields in the channel in - - 
the regions between the two sets of recesses and in the regions beneath each of the two sets 
of recesses. 
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The normal forces exerted on the roll (shell) in those regions of the right and left-hand 
subchannels which lie, respectively, between the end of the sets of recesses in the right- 
hand subchannel and the end of that subchannel and between the beginning of the left-hand 
subchannel and the point where the set of recesses in the left-hand subchannel begin, namely, 
li!Y and n$, are computed as 




If we substitute (3.4) into (3.20), and (3.9) into (3.21), and employ d&) = do-z tan p, d=(z) 
= & + tan p in the respective integrals, we are led to the following algebraic expressions for 
RR 
Sl 
= -lVz, and iV$ = -n$, where Nz,nL are the normal forces exerted on the bottom 
surface of the shoe by the lubricant in the regions described above: 
RR 6PS sh = ln dR(Lp) + 61-Ls (LB - la> 61-L [ 1 1 1 P . tanp d&s> - iGq P m tan2 p ddzd ddzd ddLd 1 
-- (Lp -b) jJR 
@R(zfl) = - ” . (3.22) 
and 
lv sh = - 
6PS 
tan2 p 
+ w 0. 
fit WP -w .- p 
tad P G(Z@) - - sz (3.23) 
In both the right and left-hand subchannels, we must also take into account the normal 
forces exerted by the lubricant, in the regions beneath the respective set of recesses, on the 
inside surfaces of those recesses and the corresponding domains along the inside surface of 
the roll .(see figure 4). Looking at figure 4 we easily see that these normal forces are given ., 
bv 21 
lvR lvR sh = - sl G FR a Wrec 
lv lv sh = - sl E PL - Wet 
(3.24) 
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To compute the normal forces acting on both the bottom surface of the shoe and the 
inside surface of the roll, in that region of the entire lubrication channel which lies between 
the two sets of recesses, we must have the pressure distribution in that region; experimental 
data supported the conclusion that (over a wide range of loads F and speeds s) the pressure 
field p&z), 4, 5 z < I,, in the region of the channel between the two sets of recesses, is - 
simply a linear interpolation of the constant pressures @L and j!YR in those respective sets of 
recesses. Thus, for the pressure in this ‘center’ subchannel of the entire lubrication channel, 
we take 
&I&) = (pR2;pL) Lc + (BR ;y, 4,~ z < I, (3.25) 
C 
The situation corresponding to (3.25) is sketched in figure 11. Using (3.25) we may easily 
compute, with j? = p,(O) z ~(FR + fin), that 
and also, 
CC 
N - Sh= 
C  
(p&) -p&b = yR ,““) 1, = -  1;; (3.27) 
For the total normal force 
‘center’ channel we have 
on that part of the bottom surface of the shoe which bounds this 
CR cc 
fi&Vsh + Nsh= (3.28) 
For the tangential forces acting on the bottom surface of the shoe in the regions described 
above, where ms$ and n$ are the corresponding normal-forces, we have 
TR--p 
sh - (3.29) 
and 
p z -p sh (3.30) 
respectively. Using (3.1) in (3.29), and (3.7) in (3.30) we are led, directly, to the expression 
for zf and the expression 
19 
for zi. In an analogous fashion, the corresponding tangential forces along the inside surface 
of the roll are computed from the integrals . 
and 
y--p * LO $1 - 1 ( b %(x,y) 1 y=O)dx 
Employing (3.1) in (3.33) and (3.7) in (3.34) we find for z? the expression 









We remark that the expressions we have derived for zi and Tf (as well as the expression 
for the velocity field U&J, y)) have been computed from the point of view of an observer 
who views the left-hand subchannel from right to left; care must, therefore, be exercised in 
combining expressions which are valid in the two distinct subchannels. 
It should be clear that, with the obvious notation, the tangential forces z: = zi = 0. 
To compute the tangential forces exerted by the lubricant on those portions of the inside 
surface of the roll which lie below the two different sets of recesses, we note that as p&) = 
pR,lc < x < lp, and PC(x) = *L, I, < x < lp, we have for the velocity fields under the - -
respective sets of recesses 
I 
G” = 4l - y&p(x)), 1, < x < IP - - 
(3.37) 
ret - UC-- - 4l yd,‘(x)), lc < x < lP - - 
with ~7” computed from the viewpoint of an observer who views the left-hand subchannel 
from right to left. Using the velocity fields in (3.37) we easily compute that 
TR - $1 =- P dx=sln (3.38 
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and
_f - -I_ ] y- 0 dx - In (3.39)
tan _ [ dz;(tc)
For the velocity fields in the 'center' subchannel we have, in the right-hand portion of
that subchannel
u_(x, y) -- -p'_(x) y(dR(x) - y) + s(1 - yd_l(x)), (3.40)
21z
for 0 < x _< I_. Using (3.25) in (3.40) we find that
T_h---!_ folc (Ou_ ,oyy-dh(x))dx (3.41)
or
T',h= In -- --
tan/3 dh(lc) \ _. _ tan/?) (3.42)
while
T_l-- -_ Oy !Y - 0 dx (3.43)
or
cn 1 lc2 IZS ln[dn(Ic)] (3.44)Tsl= 4l---_05R --/5c)[dol_ - _ tan/_] tan _ do
Inan analogousfashion,
u_(x, y) - -P'_(x------_)y(dc(x)- y)- s(1- ydZ_(x)), (3.45)
21_
for 0 <_x _<I_, so employing (3.25) in (3.45) we find that
T,h---- --I_ ay i y- dc(z) dx (3.46)
is given by
1T_h= tan/3 [ do \ _/_ (doI_- _- tan/2) (3.47)
while
T_l-- -_ ay l Y-- 0 dx (3.48)
is given by
cC 1 (25R_!SL)[dol_+I_2 t_s tn[dr(/_)] (3.49)
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By using the same observer to compute both u_ and u_: it is an easy exercise to show
that (3.40), (3.45), and (3.25) may be combined so as to yield
uC(x' Y) -- k, _l_l; y(d(x) - y)+ s(t - yd-l(x)), (3.50)
-lc < x _<lc, d(x) = do - x tan/_, as the expression for the velocity field everywhere in the
'center' subchannel. From either (3.42) and (3.47) or, directly, from (3.50), we have
2 t__ _(Zc)
In a similar manner, from either (3.44) and (3.49), or, directly, from (3.50),
( )T,,=T,, + T_= _R- _ do+ In (3.52)2 t_n_ [_a(tc)
and we observe that, in view of (3.57) and (3.52),
_ 2ps In [d(-l_)] (3.53)T_z + T,h = tan fi _d(Ic)
C C
so that T,t_ - T,a for s _ 0.
In order to compute the horsepower which must be expended to turn the roll, at a given
tangential speed, and a given load on the shoe, we must compute the net tangential force
acting on the roll from the point of view of one fixed observer. This net tangential force _et
may be obtained by adding together the sum of (3.35), (3.38), and (3.44) with negative one
times the sum of (3.36), (3.39) and (3.49); the result is easily computed to be
tan/3 dR(I_) dR(L_} '+ tan/3 dc(l_) - dL(L_)
+ dn(L_) Ld_(t_) tan _ LdR(z_)J+in [d_(z_)
+_(_ tanZ _R(Z_)
The pressure distributions in those portions of the lubrication channel which lie to the right
of the recesses in the right-hand subchannel, and to the left of the recesses in the left-hand
subchannel, are given respectively by (3.4) and (3.7). Using (3.4) we have




Pn,, (x) -- 12/_ tan fid_4(x)[sdR(x) 3mR] (3.56) _
P
Thus, the graph of PR(x), I_ __x __L_, has a critical point on the interval (l_, L_) if and only
if there is a point x_it, l_ < x_t < L_, with P'(x_t) - 0. From (3.55), the only candidate
for Xc_itis
1 2mR.





On the other hand, if Xc,-itas given by (3.57) does not belong to the interval (l_, L_), then
the graph of l_n(x) must be strictly monotone decreasing on this 'interval, i.e., p_(x) <
0, l_ < x < L_. From (3.55), p_(x) < 0, l_ < x < L_, implies that, also, ds(x) < 2/aR/ps
ti
for l_ < x < Lf. But, by (3.56), if dR(x) < 2/aR/ps, forl_ < x < L_, thenpn(x) <
-12/ztan/_(-_p )d_4(x) < 0, for l_ < x < L_. Thus if Ps(x) has no critical point in (l_, L_)
then not only is the graph of Ps(x) monotone decreasing on this interval but it is also strictly
concave down. In an entirely analogous fashion one may show that if the corresponding pres-
sure field in the left-hand subchannel has no critical point on its interval of definition, as we
move from left to fight in the left-hand subchannel, then the graph of that pressure field is
not only strictly monotone increasing but is everywhere concave up; the absence of critical
points for the graphs of Ps(x) and Pc(x) would thus lead one to expect a graph of the overall
pressure field which resembles figure 12 and that this is, indeed, the case will be confirmed
in the next section.
There remains for us, in this section, the task of delineating the coupled nonlinear system
of (algebraic) equilibrium equations which serve to determine the variables do and _ (that fix
the position of the shoe) in terms of the load F (applied at the top of the shaft of the shoe),
the tangential speed s of the roll, the pressure drop Psh -Patm, the geometry of the shoe,
and the properties of the lubricant. Our equilibrium equations will be three in number: an
equation expressing balance of forces in the vertical direction, an equation expressing bal-
ance of forces in the horizontal direction, and an equation expressing balance of moments of
forces. In figure 13 we show yet another sketch of the shoe with the relevant forces that are
acting on it; in figure 14 we have sketched the bottom surface of the shoe as it appears with
respect to the rectilinear approximations introduced in figure 8. In figures 15a,b and 16a,b
respectively, we show the resolution of the various forces acting on the bottom surface of the
shoe, in the right and left-hand subchannels, into vertical and horizontal components.
The equation expressing balance of moments of forces for the internal shoe will be con-
structed by taking moments with respect to the point B (figure 13). In figures 15a and 16a
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the points &, i = 1,2,3 and Li,i = 1,2,3 denote the points of application of the normal 
forces in question (which act on the bottom surface of the shoe) for the purpose of computing 
the corresponding moments of force- All tangential forces acting on the bottom surface of 
the shoe act along the approximating secant line segments AB and BC (through point B) 
and have, therefore, no net moment with respect to B. Comparing figures 15a and 16a with, 
respectively, figures 10a and lob, we see that the moment arms for the normal forces acting 
along the bottom surface of the shoe have the following lengths: 
BR1 = $L, = BL1 
- &c + LT) = BL3 
(3.59) 
BR3 = 
Also, from figures 15a, 16a, and 13, BRZ = hec = BL2 where dTm is the distance from 
the middle of the inside of the recesses (left or right) to the center line through the< middle 
of the shoe. 
Using the expressions for (II;C, yc) in (2.11~) and those for (ZB,T& in (2.11d,e) we find 
that 73~ (figure 14) satisfies 
tanqR = 
coqb - cos(cp - Jb) 
sin@ - $) - sin@ 
(3.60a) 
using the expression for @A, IJA) in (2.11~) leads to the following result for angle 7~ (figure .;t 
14) . . 
tanqL: = 
Using figures 15a,b and 16a,b it is then 
cos$ - cos(p + q) 
sin@ + T/J) - sin Q 
(3.60b) 
a straightforward exercise to show that the sum of 
all vertical components of all forces (normal and tangential), acting on the bottom surface 
of the shoe is given by 
CR CR 
V sh = l%, cos VR + fiz COS $+ Nsh COS ?jR -$ zf Sin qR+ Tsh Sin qR + m$ CoS qL 
(3.61) 
while the sum of all the corresponding horizontal components is given by 
24 
Zs h -R - R c R c R
-£ cL cZ;
--N_h sin 0+ N_h sin V_+ 'r_ cos r/_+ 7-_h cos V_ (3.62)
In (3.61) a (+) sign denotes forces which act in the direction of the positive y axis, while in
(3.62) a (+) sign denotes forces which act in the direction of the positive x-axis.
Besides the normal and tangential forces which act _ong the bottom surface of the shoe,
there are several other forces which act on the internal hydrostatic shoe and, thus, affect its
equilibrium configurations; these forces are as follows:
(i) the load F applied at the top of the shaft of the shoe which has a vertical component
Vr -- -F cos _band a horizontal component Hr = -F sin _b
(ii) the weight of the shoe W, which acts, of course, downward at the location of the
centroid (CT) of the shoe so that Vw - -W and Hw - O.
(iii) the restorative forces exerted by stretched and compressed rubber seals and/or
springs located, respectively, on the left and right-hand sides of the shaft of the shoe (figure
lb and figure 4); these are each stretched/compressed an amount equal to one-half the dif-
ference between the width of the confinement shaft and the width of the shaft of the shoe,
i.e., through a distance I - l* - l (figure 7). If we assume that the resultant forces act only in
the horizontal direction, and that the rubber seals in question can be modeled as mechanical
springs with stiffness k_, then the net horizontal force exerted by stretching and compressing
these rubber seals is H_- -2k_l
(iv) finally, as a result of all the forces acting on the shoe, a horizontal reaction force
Hpv is exerted at the pivot point PV (figure 13).
Using (3.61) and (3.62), in conjunction with (i)-(iii), above, the equations expressing
equilibrium in the horizontal and vertical directions take the form
H_h + HF -+-Hs - Hpv - 0 (3.63)
and
hh + V_+ Vw- 0 (3.64)
For the equation expressing balance of moments of forces, we note that, within the secant
line approximation that has been used, if we take moments with respect to point B on the
bottom surface of the shoe (figure 13) there will be no net contribution from the tangential
forces acting along the bottom of the shoe as these forces, in the secant line approximation,
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act along the line segments AB and BC which go through point B. Denoting moments
which tend to turn the shoe clockwise with a plus (+) sign, and those which tend to turn the
shoe counterclockwise with a minus (-) sign, we find that the net moment exerted by the




Next, if we set d - { distance between point B and the cemroid CT of a cross section of
the shoe} then the length of segment BG - dsin _p (figure 13) so the weight of the shoe
contributes a moment equal to Mw - Wdsin _. As the load F applied to the shoe acts
along the tine through BE, its net moment MF with respect to point B is zero.
Finally, we recall that the pivot point PV has coordinates (l*, yrv) with respect to (0, 0)
where Yrv is given by (2.9). By virtue of figure 13, the moment arm for the horizontal
reaction force Hpv has length equal to dpv- yPv- ys, and is easily shown to be given by
the approximate relation
dpv _- Rs cos _b- a_ cos ¢ -/St sin _b- tan(J + ¢) cos _(1 + tan _b- tan(J + _b)
so that the corresponding moment of Hpv with respect to point B (figure 13) is Mpv =
-Hpv. dpv; in actuality, the precise numerical value for dpv may be read off a blueprint
and used in lieu of (3.66). The complete equation .,.,expressingbalance of moments of forces
for the internal shoe has, therefore, the form
M,h + Mw + Mpv -- 0 (3.67)
with the individual moments M,h,-Mm, and Mj, v given, respectively, by (3.65),
Mm - Wdsin _p (3.68)
and
M_v - -Hpv ' dpv (3.69)
The full set of equilibrium equations for the internal shoe now consists of (3.63), (3.64),
and (3.67); this system of three coupled, nonlinear, algebraic transcendental equations may
easily be reduced to a system of two coupled equations by solving for Hpv from (3.63) and
using the resulting expression in (3.69) and, then, (3.67). We remark that the system (3.63),
(3.64), and (3.67) is an algebraic system of the form
/  H(F.s. - R. &//. ,. p;b.¢)- 0
_v(F, s, P,h - P_tm,R, q3,R,, Rffff,/cfr, tz,p; b,%3)- 0 (3.70)
GM( ,s, p,h pat,_, ,65,R_,R_ss,/_ss,_, P; ,9) -
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which, for fixed values in the parameter space,
= {F, s, Psh - Patm, R, c_,Rs, t_eii, l'eli, I_, P} (3.71)
serve to determine the 'deflection' _b and the parameter b (and, thus, the base thicknesses do
of the lubrication channel). Once _ and do have been determined, for the same fixed values
in the parameter spac e 7) we may compute explicit values for/r_R, mL,/SR, iSL,/3, and the
leading and trailing edge thicknesses dz:(l_) and dR(l_), respectively. We may also compute,
explicitly, expressions for all the various velocity fields in the channel (this has been done
in [2] in the course of treating the heat transfer problem in the lubrication channel) as well
as for all the normal and tangential forces which act along the bottom surface of the shoe,
inside the recesses, and along the inside surface of the roll. From the computation of the net
tangential and normal forces exerted, e.g., on the inside surface of the roll, one may readily
compute both the horsepower required in order to operate the roll (for given values in the
parameter space 7) ) and the drag coefficient
c_ - E tangential forces on the roll
normal forces on the roll
Some typical numerical computations for three CC roll/internal shoe configurations are pre-
sented in §4, two in which R _ Rs and one in which R - Rs; we focus, in particular, on
holding all of the variables in 7) fixed except for one, e.g., F or s, and study the effect on the
mass flow rate, the recess pressure, leading and trailing edge (as well as 'average') thicknesses
in the channel, the angle of the deflection of the shoe, the drag coefficient for the roll, the
horsepower which must be expended to turn the roll, and the pressure distribution along the
inside surface of the roll.
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4 SOME NUMERICAL RESULTS FOR CC ROLLS
a. Computational Methods
A FORTRAN computer program was developed (using the Microsoft FORTRAN com-
piler, version 5.1, on a 486 IBM-PC compatible microcomputer) to numerically solve the
reduced system of two equations for the two unknown variables, b, and _. These two equa-
tions were obtained from the three original equilibrium equations after direct substitution
of the expression for Hpv into the equation corresponding to balance of moment of forces,
and elimination of the equilibrium equation for the horizontal components of forces. As the
system of equations is highly non-linear, and strongly coupled in terms of b, _, and other
variables, and because these parameters are associated with several other transcendental
algebraic equations, an iterative scheme was employed to obtain the solutions. To solve
the non-linear equations, a specific subroutine (DNEQNF) from the IMSL TM mathematical
subroutine _brary, version 2.0 [6] was called by the FORTRAN program. This subroutine
employs a modified PoweU hybrid algorithm (a variation of the Newton's method) which
uses a finite-difference approximation to the Jacobian matrix. For the analysis performed
in this study, the Jacobian is a 2x2 matrix which is obtained by moving all the terms in
each of the two equilibrium equations to one side, and taking their derivatives with respect
to each of the unknown variables b and _p. While the determination of an exact Jacobian
is possible, it is a formidable task; thus, it was decided to use a numerical, approach. A
finite difference method was used to estimate the Jacobian, using double precision for all
real variables, and taking precautions to avoid large step size or increasing residuals. For.,
each operating condition, appropriate initial guesses for b and _ were introduced and the
stopping criterion for iteration was taken to be that point at which the sum of the squares
of the residual values corresponding to each equation was small (e.g., < 10-3).
In the computer model, viscosity and density data for the oil were assumed to be 56
centipoise and 873 Kg/m 3, respectively, (typical of an ISO 150 mobil oil at a temperature of
57°C). These properties correspond to the lubricant employed in experiments conducted by
the Beloit Corporation for the small roll/shoe configuration. Since the speed of the roll, and
the load applied to the top of the shoe, are two of the most important input parameters which
can be controlled by an operator, for specific design conditions, all the calculated values were
obtained at a function of these two parameters. Calculations were performed for selected
outer surface roll speeds of 305-1067 m/min (1000-3500 ft/min) and load combinations of
35-1751 KN/m (200-10,000 PLI) for three roll-shoe configurations with different dimensions.
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b. Results for a CC Roll with R- 6.75", Rs- 6.745"
In this section the results for a shoe/roll configuration in which the radius of the shoe
(R,) is 171.32 mm (6.745 in) and the inside radius of the roll (R) is 171.45 mm (6.750 in) and
the half-angular opening qoof the shoe is 28° are presented. The roll is subjected to outer
surface roll speeds of 305-914 m/rain (1000-3000 ft/min) and applied loads of 3,5-175 KN/m
(200-1000 PLI) and differs from the roll/shoe configuration in §4c only in that R- 6.76" in
§4c; this latter case corresponds to a situation in which actual experimental data is available
from the Beloit Corporation. Our results in this section, therefore, may be used, in con-
junction with those in §4c, to gauge the sensitivity of the model with respect to variations
in the inner radius R of the roll and the half-angular opening _ of the shoe. In §4c the
results for a roll inne r radius of R - 6.76" and a value of _ - 24° will be compared with
the actual experimental data from Beloit. Also, in this section the spring constant k, has
been set equal'to zero but in §4c actual numerical values for k,, which were supplied by
the Beloit Corporation, are used in the model even though the net effect of including these
springs/seals appears to be a very minor one.
Shown in graph 1 are the lubricant film thicknesses at the leading edge vs. the roll speed
for various applied loads in the range 35-175 KN/m (200-1000 PLI). The leading edge corre-
sponds to the point at the end of the left-hand recess. For a constant load, the lubricant film
thickness increases with the roll speed because of the hydrodynamic effect of the lubricant
which increases the magnitude of the normal force exerted by the fluid on the bottom surface
of the shoe. Similar qualitative results were obtained for the lubricant film thickness at the
trailing edge (graph 2). The trailing edge corresponds to the point at the end of the fight-
hand recess. As expected, a smaller lubrication thickness corresponds to the operation of
the roll at a higher load and smaller speed. Under the influence of an external load applied
to the top of the shoe, and the normal and tangential forces exerted by the lubricant on
the bottom of the shoe, the hydrostatic shoe is free to rotate about the pivot point on the
confinement wail and to move up or down along the confinement wall at that pivot point
(see figure 6). If the shoe experiences only a clockwise rotation and no vertical motion, then
at the leading edge the channel becomes more divergent, and its thickness will increase with
speed, while at the trailing edge the channel becomes more convergent and its thickness will
decrease with speed. However, an upward motion of the shoe causes both the leading edge
and trailing edge thicknesses to increase simulataneousty. The increase in the leading edge
and the trailing edge thicknesses with speed (graphs 1, 2) indicates that in addition to its
clockwise rotation, the shoe is also subjected to such an upward motion. However, as the
roll speed increases, the influence of the clockwise rotation becomes relatively smaller than
that of the vertical motion. In graphs 3 and 4 we have plotted the predictions of the model
for leading edge, trailing edge, and average thicknesses against increasing load at various
speeds of the roll.
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We show in graphs 5 and 6 the angle of deflection of the shoe ($J) as a function of load 
for constant speeds, and as a function of speed for constant loads, respectively. A positive 
value for $ corresponds to a clockwise rotation of the shoe. These figures indicate that for 
all the operating conditions analyzed in this study, the shoe turns in a clockwise direction. 
The greatest clockwise deflection of the shoe corresponds to the operating condition with the 
smallest applied load (35 KN/m), and the largest roll speed (914 m/min). For a constant 
roll speed, as the applied load is increased, the angle of deflection is decreased (graph 5). 
However, at a fixed roll speed and higher applied loads the curves become flatter which in- 
dicates that under these conditions, the hydrostatic shoe becomes more stable with respect 
to variation in applied loads. For a fixed load, as the roll speed increases, the normal and 
tangential forces exerted by the lubricant on the bottom surface of the shoe are increased in 
such a way that they result in an increase in the clockwise deflection of the shoe. When the 
applied load is small (e.g., 35 KN/m), the angle of deflection increases more rapidly with the 
speed of the roll. At a higher load (e.g., 175 KN/m) the forces exerted by the fluid on the 
shoe are not large enough to overcome the force applied to the top of the shoe, thus, they 
result in a smaller clockwise deflection of the shoe. 
Shown in graph 7 are the mass flow rates of the lubricant in the left-hand and right- 
hand channels as a function of applied load for three outer surface roll speeds. Because of 
the clockwise deflection of the shoe, the left-hand channel becomes more divergent and its 
thickness becomes larger than that of the right-hand channel. Therefore, the lubricant flow 
rate in that channel is larger as compared with the right-hand channel. As the applied load 
is increased, because of the increase in the pressure ‘gradient across the channel, more flow 
is passed through the left-hand channel. However, the lubricant flow rate in the right-hand 
channel is relatively insensitive to variation in applied loads, and the influence of the roll 
speed on the mass flow rate in that channel is greater as compared with that in the left-hand 
channel. For a fixed roll speed, an increase in applied load will influence the lubricant mass 
flow rates through two mechanisms: on one hand it will produce a thinner channel and thus 
will create more resistance to the flow of the lubricant; on the other hand, an increase in the 
applied load will result in a greater pressure gradient across the channel which will result 
in an increase in fluid motion. The amount of lubricant passing through each capillary is 
strongly influenced by the pressures at the top of the shoe and in the recess. As will be shown 
in the graphs referenced below, an increase in applied load will result in a much greater in- 
crease in the pressure in the right-hand recess than that in the left-hand recess. Therefore, 
for a fixed load, the pressure gradient across the left-hand capillaries will be greater than 
that across the right-hand capillaries. This will result in a greater flow of lubricant through 
the left-hand channel. As the speed of the roll is increased, the viscous nature of the lubri- 
cant will drag part of the lubricant from the left-hand channel toward the right-hand channel. 
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We show in graph 8 the lubricant total volumetric flow rate vs. roll speed for each ap-
plied load. The flow rate increases with speed and applied load because of an increase in the
thickness of each channel and an increase in the pressure gradient, respectively. However,
as this figure indicates, the influence of the applied load on the flow of lubricant is much
greater than that of the roll speed. The influence of the speed of the roll on the fluid flow
rate is the same for all applied loads. In graph 9 we display the net lubricant flow rate vs.
load at three different inner roll speeds.
We show in graphs 10 and 11 the lubricant recess pressures in the left-hand and right-
hand channels as a function of roll speed and applied load, respectively. Graph 10 indicates
that an increase in roll speed from 305 to 914 m/min results in a negligible increase in the
left-hand recess pressure, and only a small decrease in the right-hand pressure. Therefore,
the influence of roll speed on the lubricant flow rate through the left-hand channel was
negligible (graph 7), and its influence on the total flow rate was small (graph 8). As ex-
plained earlier, for a fixed roll speed, an increase in applied load resulted in a much greater
increase in the right hand recess pressure as compared with the left hand recess pressure
(graph 11). Therefore, under these conditions the left-hand capillaries (which are associated
with a greater increase in pressure gradient) will experience a larger mass flow rate (graph 7).
Shown in graphs 12-17 are lubricant pressure distributions along the length of the left-
hand, and right-hand channels at various roll speeds. The mathematical expressions for the
pressure distributions along the length of the right-hand and left-hand channels are given
in equations (3.4) and (3.9), respectively. In general , the shape of the pressure curves for
the right-hand channels were concave downward, and those for the left-hand channel were
concaveupward. In other words, the pressure drop near the recess at the right-hand channel
was smaller than that of the the left-hand channel. As the magnitude of the applied load
increases, the nonlinearity in the pressure distribution in both channels increases.
Shown in graph 18 are the roll drag coefficient vs. roll speed at each applied load. This
coefficient was calculated as the ratio of total shear force exerted by the lubricating oil on
the inner surface of the roll divided by the total normal force applied to the roll; the graph
indicates that the roll drag coefficient increases with roll speed for a constant applied load,
and decreases with applied load for a fixed roll speed.
In graph 19 we show the predicted values of the mechanical power required to operate the
roll vs. load for three fixed roll speeds; the power was obtained from the product of the net
shear force on the roll an d the inner surface roll speed. For this roll/shoe configuration, the
power increased with load at a constant roll speed, and increased with speed at a constant
applied load, as shown in graph 20. Graphs 19 and 20 show that the slopes of the power
curves become greater at both higher roll speeds and applied loads.
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c. Results for a CC Roll with R- 6.76", Rs = 6.745"
In this section we present some results that were obtained by using information pro-
vided by the Beloit Corporation [8]; the results are based on the dimensions for an actual
shoe/roll configuration which has been used by Beloit to compile experimental data. The
major changes from §4b include increasing the roll radius from its previous value of 6.750"
to that of 6.760" and decreasing the angle _b(one-half the angular opening of the shoe) from
its previous value of slightly more than 28° to 24°; the first is a direct consequence of the
information from the Beloit Corporation regarding the actual radius of the shoe that was
used in their experiments while the second change results from Beloit's [8] suggestions that
as far as the hydrodynamic modeling goes, one should essentially ignore those regions in the
channel which lie beneath the severely tapered ends of the shoe. We have also included, now,
what appears to be the minor influence of the spring-like seals which are located along the
shaft of the internal shoe. In general the predictions of the model for the various speeds and
loads that were tested are quite close in terms of absolute magnitudes to the experimental
data provided by Beloit. Whatever differences remain in magnitudes may be attributed to
a multitude of factors: the simplified manner in which the portion of the channel under the
tapered ends of the shoe is being treated, the secant line approximations used for the arc
describing the bottom surfaces of the shoe and the roll, the fact that the oil which exits the
channel on the right is not skimmed off but, rather, re-enters the channel on the left, the fact
that all machine dimensions, including the dimensions of both the shoe and roll radii, are
accurate only to within 0.002" (thus meaning that what is an extremely critical parameter
in this model, namely, the difference betwen the roll radius and the shoe radius might be off
by as much as 0.004" ), and the fact that all of the results presented are based on assuming a
constant oil viscosity (the viscosity at the lubricant inlet temperature). Because of viscous
dissipation, at higher loads and speeds the average temperature in the oil will be higher
than it is at lower speeds and loads, and at any fixed speed and load the temperature in
the oil varies (spatially) throughout the lubrication channel; it is also known that the actual
viscosity/_ of the lubricant varies strongly with temperature, with viscosity decreasing as
temperature increases. It is thus somewhat misleading to use the same viscosity when, e.g.,
we compare the predictions of the model at a roll speed of 1000 ft/min and different loads
of, say, 1000 PLI and 800 PLI, with the experimental data generated by Beloit, because the
viscosity will no longer be the same number at the two different loads. In fact, because of
thermal expansion of the metal in both the roll and the shoe, it is even conceivable that
neither the roll radius nor the shoe radius remains constant. Some of these difficulties will
be resolved once a temperature dependent viscosity has been introduced into the model.
Finally, we note that the mathematical/numerical model appears to be very sensitive to
changes in some measure of the relative difference (_R- -Rs)/R where R is the roll radius
and -Rs is the shoe radius; this may be easily seen by comparing the results for lubricant
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thickness, mass flow rates, and the power to operate the roll for the case considered in this 
section, where R = X60”, Rs = 6.745” to those results reported in §4b for the case in which 
R = 6.750", Rs = 6.745”. The model is, also, at the same time, sensitive to some measure 
of the discrepancy between roll speed and load in the sense that branching of equilibrium 
solutions occurs and multiple solutions appear at relatively low loads and high speeds. This 
instability appears to be exacerbated by increasing some measure of the relative difference 
(R - R,)IR. For the roll/shoe configuration of §4d, where R = Rs, the model is very stable 
with respect to initial guesses, and for many operating conditions produces unique solutions 
(except for the lowest load and highest speed scenarios); the other extreme consists of the 
roll/shoe configuration treated in this section where some measure of the ratio (R - R,)IR 
is presumably large and multiple equilibrium solutions appear even in the high load cases 
with the situation becoming worse at higher speeds of the roll. The matter of the sensitivity 
of the numerical scheme to variations in some appropriate measure of (R - R,)/R, and the 
concurrent impact on quantities of interest, i.e., lubrication thickness, horsepower, and mass 
flow rates, is a subject for another investigation. 
In graph 21 we provide a comparison between the lubricant film thicknesses (at both the 
leading and trailing edges of the channel) as predicted by the IPST model and as measured 
by the Beloit Corporation for a fixed roll speed of 305 m/n& and a number of different 
loads; graph 22 provides a similar comparison but at a roll speed of 610 m/min. Graphs 23 
and 24 provide a comparison (at roll speeds of 305 m/min and 610 m/mm, respectively) of 
the average lubricant film thicknesses in the channel as predicted by the IPST model, on one 
hand, and as measured by the Beloit Corporation on the other; here average film thickness 
means the simple average of the leading and trailing edge thicknesses. Graphs 25 and 26 
compare (for roll speeds of 305 m/min and 610 m/min, respectively) the volumetric flow 
rates in the channel as predicted by the IPST model and as measured by the Beloit Corpo- 
ration Finally, graph 27 compares (for the two roll speeds of 305 m/min and 610 m/min) the 
power required to operate the roll as predicted by the IPST model and as measured by the 
Beloit Corporation. All the predicted results referenced above are in good agreement with 
the corresponding experimental results, especiallv when one takes into account the extant 
shortcomings of the model as described at the beginning of this section and the types of 
experimental error that are present in the results measured by Beloit. 
d. Results for a CC roll with R, = R = 20.005" 
Shown in graphs 28-48 are the results of the analytical model for the case in which the 
roll and the shoe are machined to the same radius of 508.13 mm (R, = R = 20.005 in). 
This shoe was subjected to loads in the range of 175-1751 KN/m (lOOO-10,000 PLI) and roll 
speeds of 305-1067 m/min (100-3500 ft/min). With only minor exceptions, the qualitative 
results obtained for this ‘large’ shoe were similar to those for the ‘small’ shoes. Therefore, 
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for the sake of conciseness, only those results that are qualitatively different will be discussed
in this section. As shown in graph 29, for a fixed load, the lubrication film thickness at the
trailing edge decreases with an increase in roll speed. This indicates that for the 'large' shoe,
as the roll speed increases, the influence of the rotation of the shoe on the thickness of the
lubricant becomes relatively greater than that of its vertical motion; this was not observed
in the results for the 'small' shoes. Similar to the results for the 'small' shoes, lubricant
thickness and angle of deflection data indicate that operation of the large roll at higher loads
will result in higher stability for the hydrostatic shoe with respect to variation in roll speed.
While for the case in which R- 6.750", Rs - 6.745", the mass flow rate in the left-hand
channel was much greaterthan that in the right-hand channel (graph 7) for the 'large' roll,
a negligible difference between the two flows was observed (graphs 32-35); this similarity
between the flow magnitudes occurs, because for the large roll at a fixed speed, there is a
small difference between the recess pressures in the left-hand and right-hand channels (see
graphs 37-41). However, for the 'small' shoe in which R -- 6.750", Rs -- 6.745", the recess
pressure in the right-hand channel was generally much greater than that in the left-hand
channel; for a fixed applied load and roll speed, this results in a smaller pressure drop across
the capillaries of the right-hand channel as compared with those of the left-hand channel,
thus allowing more flow of lubricant into the left-hand channel.
..
In general, for this 'large' shoe subjected to a fixed load, the speed of the roll has no
major effect on the lubricant flow rate (graph 36), while for the 'small' roll at a fixed applied
load, an increase in roll speed resulted in a small increase in the lubricant flow rate (graph
8). Generally, the nonlinearity in the pressure distributions along each channel were less for
the 'large' shoe as compared with the 'small' shoe (graphs 12-17). We show in graphs 42-45,
the lubricant pressure distributions along the lengths of both subchannels for each applied
load and each roll speed. In general, the speed of the roll had only a small influence on the
pressure distribution. For all the operating conditions, the pressure exerted by the lubricant
on the inner surface of the roll is slightly higher at the right-hand recess as compared with
the left-hand recess; the pressure distribution in these regions has a significant effect on
water removal during the wet pressing of paper. Since the machine direction width of the
piston for the 'large' shoe was chosen to be 152.2 mm (5.994"), the corresponding magnitude
of the pressures applied to the top of the shoe will be in the range of 2.33-11.5 MPa (for the
applied loads of 350-1751 KN/m). Therefore, based on the results shown in graphs 42-45, in
general, the ratio of the average recess pressure divided by the pressure applied to the top
of the shoe was approximately 0.6 for all the operating conditions. For the 'small' shoe/roll
configurations, the predicted mechanical power required to operate the roll increases with
applied load and roll speed, and the rate of increase was generally higher at higher applied
loads and roll speeds. However, for the 'large' shoe/roll, operating at a fixed roll speed, the
power was relatively insensitive to changes in applied load (graph 47). This indicates that a
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variation in the applied load does not change the magnitude of the net shear force which is 
exerted by the lubricant on the inner surface of the roll; at higher loads this corresponds to 
insensitivity of the angle of deflection of the shoe with respect *to variations in applied loads. 
At any fixed load, the mechnical power required to operate this roll increased nonlinearly 
with increasing speed (graph 48). 
Previously referenced graphs corresponding to lubrication film thickness and angle of 
deflection for each shoe/roll configuration analyzed in this study indicate that operating 
such press rolls at higher loads will result in a more stable hydrostatic shoe, one in which 
the position of the shoe becomes relatively independent of the variation in the roll speed. 
Graphs 19 and 20 show that operation of this ‘small’ roll at a high speed and a high load 
requires a significantly higher power as compared with its operation at a moderate speed 
and load; however, the results corresponding to mechnical power for the ‘large’ roll (graph 
48) indicate that this shoe/roll configuration can be operated at a higher load without any 
significant increase in mechanical power.. 
5. Summary of Results and Conclusions 
We have analyzed the lubrication problem which arises in modeling impulse drying em- 
ploying a crown compensated roll; the geometry for the associated steady flow problem was 
constructed and expressions were derived for the relevant velocity fields, mass flow rates, and 
normal and tangential forces acting on both the bottom surface of an internal hydrostatic 
shoe and the inside surface of the CC roll. 
The bottom surface of the shoe .and the inside surface of the roll form a curvilinear 
channel whose cross-sections were assumed to lie on circles of either equal or different radii; 
the coordinates of the center of the circle, on which the arc describing the bottom surface 
of the shoe lies, can be used, in conjunction with the angular deflection + of the shoe, to 
define a base lubrication thickness d, for an approximate planar-walled channel in which the 
lubrication problem is posed; do is given in terms of b and $ and the parameters b and Q 
are determined by the solution of a coupled set of three nonlinear, transcendental, algebraic 
equilibrium equations. Parameters entering into the equilibrium equations included geomet- 
rical design parameters such as the radii of both the shoe and the roll, and the angular 
opening of the shoe, as well as physical parameters such as the load per unit width of the 
shoe, exerted along the top surface of the shoe, and the tangential speed of the CC roll, 
which rotates counterclockwise. 
The equilibrium equations were, themselves, obtained by balancing horizontal and verti- 
cal components of all forces acting on the shoe (including the tangential and normal forces 
exerted by the lubricating oil on the upper planar-walled surface of the convergent wedge- 
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shaped channel which approximates the actual curvilinear channel) and by imposing, as well,
balance of moments for all forces.
The lubrication channel is fed by two sets of capillaries which traverse the shoe and enter
each side of the channel through recesses cut out of the bottom of the shoe; lubricating oil
is injected through the capillaries on each side of the shoe, to the channel, and the shoe
subsequently turns in the clockwise direction as a consequence of the viscosity of the oil, the
motion of the roll, and the required balance of forces and moments.
The base thickness do of the (approximate) channel-equivalently, the coordinates of the
center of that circle on which the arc describing a cross-section of the bottom surface of the
shoe lies-and the angular deflection _ of the shoe, not only serve to completely determine
the equilibrium position of the shoe, once the load on the shoe and the speed of the roll are
given, but also determine all pressure and velocity fields in the channel and, therefore, all
normal and tangential forces which act on the bottom surface of the shoe.
Numerical solutions of the algebraic equilibrium equations have been carried out for two
"small" shoe/roll configurations in which the shoe radius is slightly smaller than the inner
roll radius, and for a "large" shoe/roll configuration in which the two radii are machined so
as to be approximately equal; the results of these numerical studies were reported in §4. The
numerical studies, which are based on the analytical model constructed in this report, indi-
cate that the model can be used effectively to study the dependence of channel thicknesses,
the deflection of the shoe, mass flow rates, pressure distributions, and the power required to
operate the roll either on the load F (on the shoe) for a fixed tangential speed s (of the roll,
where s refers to the speed of the inner surface of the roll) or on s for fixed F; the major
results that can be abstracted are as follows:
(i) For the "small" shoe/roll configurations, film thicknesses increase at fixed load with
increasing roll speed and at a fixed speed the film thicknesses decrease with increasing
load; for the "large" shoe/roll configuration we observed that the leading edge thick-
nesses increase while trailing edge thicknesses decrease with increasing speed at a fixed
load and with decreasing loads at a fixed speed.
(ii) The clockwise deflection of the shoe increases with increasing speed at each fixed load
and decreases as the load increases at any fixed speed.
(iii) For the "small" shoe/roll configurations, at a fixed load, the mass flow rate in the
entire channel increases with increasing roll speed, the increase being nearly linear at
both high and low loads; also at a fixed speed, the net mass flow rate increases with
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increasing load. For the "large" roll/shoe configuration the mass flow rate is relatively
insensitive to changes in speed for a fixed load but increases linearly with increasing
load at fixed speeds.
(iv) For the "small" shoe/roll configurations, at a given applied load, the mechanical power
required to operate the roll increases with roll speed, with the increases being larger
and nonlinear at high loads, the same being true with increasing load at fixed speeds.
But, for the "large" shoe/roll configuration, the power required to operate the roll is
relatively insensitive to increases in load at a fixed speed, while the power increases
nonlinearly with increasing speed at a fixed load.
(v) Over a wide range of applied loads and roll speeds, the pressure distribution along the
inside surface of the roll, in the lubrication channel, is constant in the vicinity of each
of the two respective sets of recesses, where lubricant enters the channel, and falls off
monotonically as one moves from each recess toward the end of the subchannel fed by
that recess.
In view of the very prominent fashion that design parametes such as the radii of the shoe
and roll and the angular opening of the shoe (as well as physical parameters such as the de n-
sity and viscosity of the lubricating oil) enter into the expressions for do and _, and, thus,
into the equilibrium equations, the model can be used to predict, for given applied loads
and roll speeds, the effect that specific design changes would have on lubricant thicknesses,
. pressure distributions, mass flow rates, lubricant velocity fields, and the mechanical power
required to operate the roll; the mathematical model thus presents the engineer with what
is anticipated to be an extremely effective tool for optimizing specific design factors in the
construction of the shoe/roll configuration in impulse drying.
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Graph 16. Lubricant pressure distribution along the length of the right-hand
channel at a roll speed of 914 m/min: R=6.750 '', R_.745".
73
1.6 ' J i : ' i , i '
LOAD (KN/m) -
1.4 - R- 6.750" 175
_ R,- 6.745" /
_' 1.2- LEFT-HAND CHANNEL / 140
fl
1 0 - SPEED - 914 m/min Z/ _,/ _
'_ ' _ /_// olOS _
Ed _'Z' /
rY o.8- /' / / -
m / //- 70
t3_ 04 -
0.2 -
0.0 , I , _ , y , I , I ,
-90 -80 -70 -60 -50 -40 -30
DISTANCE (mm)
Graph 17. Lubricant pressure distribution along the length of the left-hand
channel at a roll speed of 914 m/min: R=6.750 '', P__.745".
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Graph 18. Roll drag coefficient vs. roll speed at each applied load:
R=6.750 '', R_=6.745"
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Graph 19. The mechanical power required to operate the roll as predicted 
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Graph 20. Mechanical power required to operate the roll vs. roll speed for
each applied load: R=6.750”,  IX+.  745”.
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Graph 21. Comparison between the lubricant film thicknesses
at the leading edge (d:_¢, mm), and trailing edge
(dR_¢,mm) predicted by the IPST model and
measured by Beloit Corporation at a roll speed of
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Graph 22. Comparison between the lubricant film thicknesses
at the leading edge (dLm, mm), and trailing edge
(dRm, mm) predicted by the [PST model and
measured by Beloit Corporation at a roll speed of
610 m/min for the roll/shoe configuration:
R=6.760 '', Ps_.745".
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Graph 23. Comparison between the average lubricant film 
thicknesses (mm) predicted by the PST model 
and m-wed by Beloit Corporation at a roll 
speed of 305 m/min for the roll/shoe 
configuration: R=6-760", R+7745"s 
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Graph 24. Comparison between the average lubricant film
thicknesses (mm) predicted by the ]:PST model
and measured by Beloit Corporation at a roll
speed of 610 m/min for the roll/shoe
configuration: R=6.760 '', P_=6.745"
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Graph 25. Comparison between the volumetric flow rate
predicted by the IPST model and by Beloit
Corporation at a roll speed of 305 m/min for the
roll/shoe configuration: R=6.760", R_. 745.
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Graph 26. Comparison between the volumetric flow rate
predicted by the IPST model and measur_ by
Beloit at a roll speed of 610 m/min for the
roll/shoe configuration: R=6.760 '', R_.745"
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Graph 27. Comparison between the power predicted by the
IPST model and measured by Beloit at roll speeds
of 305 m/min and 610 m/min for the roll/shoe
configuration: R=6.760 '', R_=6.745".
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Graph 28. Lubricant film thickness at the leading edge vs. roll speed for 
each load applied to the “large” shoe: R=K=20.005". 
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Graph 29. Lubricant film thickness at the trailing edge vs. roll speed for
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Graph 30. Angle of rotation of the shoe vs. load for each roll speed: 
R=~=20.005”. 
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Graph 32. Lubricant mass flow rates per unit width of the roll in the left-
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Graph 34. Lubricant mass flow rates per unit width of the roll in the left-
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Graph 35. Lubricant mass flow rates per unit width of the roll in the left-
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Graph 36. Lubricant total volumetric flow rate vs. roll speed for each
applied load' R=R_=20.005"
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Graph 37. Lubricant recess pressure at the left-hand and fight-hand channels
vs. roll speed for three applied loads' R=P_=20.005 ''
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Graph 38. Lubricant recess pressure at the left-hand and fight-hand channels
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Graph 39. Lubricant recess pressure at the left-hand and right-hand channels 
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Graph 41. Lubricant recess pressure at the left-hand and right-hand channels
vs, load for a roll speed of 1067  m/mix R.=&=20.005”.
98
SPEED = 305 m/min 
i ,  !  ,  !  t  
-200 -150 -100 -50 0 50 100 150 200 
DISTANCE (mm) 
LOAD (KN/m) 
1751 R s = R = 20.005”’ i * 
f 




Graph 42. Lubricant pressure distribution along the length of both channels 
at a roll speed of 305 m/min: R=&=20.005”. 
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Graph 43. Lubricant pressure distribution along the length of both channels
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Graph 44. Lubricant pressure distribution along the length of both channels 
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Graph 45. Lubricant pressure distribution along the length of both channels 
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Graph 46. Roll drag coeffkient vs. roll speed at each applied load: 
R=~=20.005”. 
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Graph 48. Mechanical power required to operate the roll vs.
roll speed for each applied load: R=R_=20.005 ''
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